On the second cohomology group 
in semi-abelian categories 

Marino Gran* and Tim Van der Linden''^ 
February 2, 2008 

Abstract 

We develop some new aspects of cohomology in the context of semi-abelian 
categories: we establish a Hochschild-Serre 5-term exact sequence extend- 
ing the classical one for groups and Lie algebras; we prove that an object is 
perfect if and only if it admits a universal central extension; we show how 
the second Barr-Beck cohomology group classifies isomorphism classes of 
central extensions; we prove a universal coefficient theorem to explain the 
relationship with homology. 

Keywords: Cotriple cohomology, semi-abelian category, universal central 
extension, Baer sum, universal coefficient theorem. 

Introduction 

The notion of semi-abelian category introduced by Janelidze, Marki and Tholen 
in |31| provides a natural context for a unified treatment of many important 
homological properties of the categories of groups, rings. Lie algebras, crossed 
modules, C*-algebras and compact Hausdorff groups. Several results, which 
are classical in the category of groups, can be extended to any semi-abelian 
category: among them, let us mention the 3x3 Lemma, the Snake Lemma [9] , 
the long exact homology sequence associated with a proper chain complex, or 
the Stallings-Stammbach five term exact sequence associated with a short exact 
sequence [22] . Semi-abelian categories thus provide an elegant answer to the old 
problem, first considered by Mac Lane [3S], of finding a suitable list of axioms 
that would reflect the homological properties of groups and rings in the same 
way as the axioms of abelian category reflect some particular properties of the 
categories of abelian groups and modules over a ring. The fundamental advances 
in categorical algebra that made it possible to solve this problem, and on which 
the notion of semi-abelian category is built, are the discoveries of the subtle 
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properties of Barr-exactness [2] and of Bourn- protomodularity [5] . We refer to 
the introduction of [31] for a detailed description of the historical developments 
that led to the theory of semi-abelian categories. 

In the present article, we prove some new results in the study of the homology 
and cohomology in a semi-abelian algebraic category. More precisely, we can 
establish: 

• a natural Hochschild-Serre 5-term exact sequence TTI in cohomology with 
trivial coefficients (Theorem 15.91) : 

• an interpretation of the second cohomology group H^{Y, A) as the group 
Centr(y, A) of isomorphism classes of central extensions of F by an abelian 
object A, equipped with (a generalization of) the Baer sum fTheorem l6.3p : 

• a universal coefficient theorem relating homology and cohomology (Theo- 
rem [T^])- 

Thus we simplify some recent investigations in this direction in the context of 
crossed modules [12] or precrossed modules [T] , and unify them with the classical 
theory that exists for groups and Lie algebras. Our approach is based on the 
work of Frohlich's school — in particular, of Lue [35] — and also on the work of 
Janelidze and Kelly [5S] , who recently discovered some unexpected connections 
between homological algebra and universal algebra (see also [IHl [SO])- And 
indeed, the present work benefits from some new categorical tools designed for 
understanding the universal algebraic property of centrality [THl [371 [331 [S] ■ For 
a different approach to such problems, the reader is also referred to [16] . 

In the first section we collect the main properties of semi-abelian categories 
that will be needed throughout the paper. In Section[51we prove that two notions 
of central extension are equivalent: the first one is the notion of extension whose 
kernel pair is central in the sense of Smith [35], while the second one is the 
notion of extension whose kernel is a central arrow in the sense of Huq [28] . 
In the third section a useful technical property involving exact sequences and 
central extensions is proven. In Section [H we prove that an object is perfect 
if and only if it admits a universal central extension: this extends a classical 
result due to Frohlich [55]. In Section [5] we first recall the Stallings-Stammbach 
sequence and Hopf's formula for the second homology object in a semi-abelian 
category [22] . We then obtain a cohomological version of Hopf's formula as well 
as the Hochschild-Serre 5-term exact sequence for cohomology: an extension 
/ : X > Y with kernel K induces the exact sequence 

> H^Y >^ H^X > Hom(pi^, ^) > H^Y H^X. 

In Section[n]we prove that the second cohomology group H^{Y, A) is isomorphic 
to the group Centr(y, A) of isomorphism classes of central extensions of Y by A. 
In the last section we establish a universal coefficient theorem for cohomology 
in semi-abelian categories, and we give some applications. 
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1 Protomodular and semi-abelian categories 

In this section we recall some basic definitions and properties of protomodular 
and semi-abelian categories, needed throughout the article. We shall always 
assume that the category A in which we are working is finitely complete. 

Definition 1.1. [S] A finitely complete category A is protomodular ii it satisfies 
the following property: given any commutative diagram 



V T 
• > ■ 



where the dotted vertical arrow is a split epimorphism, the left-hand square and 
the whole rectangle are puUbacks, the right-hand square is also a puUback. 

Recall that a finitely complete category A is regular if (1) every kernel pair 
has a coequalizer and (2) regular epimorphisms are stable under pulling back. 
A regular category is protomodular if and only if given any commutative diagram 
as above, where the dotted vertical arrow is a regular epimorphism, the left-hand 
square and the whole rectangle are puUbacks, the right-hand square is also a 
puUback. A regular category A is called (Barr) exact when any equivalence 
relation in A is effective (i.e. a kernel pair) [2]. A category A is pointed when it 
has a zero object (i.e. an initial object that is also terminal). 

Definition 1.2. [ST A pointed category A is semi-abelian when it is exact, it 
has binary coproducts and it is protomodular. 

A characterization of the algebraic theories with the property that the corre- 
sponding category of algebras is a semi-abelian category was obtained by Bourn 
and Janelidze: 

Theorem 1.3. J15]l A variety of universal algebras V is semi-abelian if and only 
if its theory T has a unique constant 0, binary terms ti, . . . , t„ and a {n-\- l)-ary 
term r satisfying the identities T{x,ti{x,y), . . . ,tn{x,y)) — y and ti{x,x) — 
for each i — 1, . . . ,n. □ 

Classical examples of semi-abelian varieties are groups, rings. Lie algebras, 
commutative algebras, crossed modules, precrossed modules and Heyting semi- 
lattices [34]. Compact Hausdorff (profinite) groups or, more generally, compact 
Hausdorff (profinite) semi-abelian algebras are semi-abelian categories [5], as is 
the dual of the category of pointed sets, or the category of C*-algebras. 

An important property of semi-abelian categories is the fact that every regu- 
lar epimorphism / : X > Y is the cokernel of its kernel [9] . In other words, the 
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class of regular epimorphisms coincides with the class of normal epimorphisms. 
In a scmi-abelian category, a short exact sequence 



0- 



K>- 



X 







is then a zero sequence {fok — 0, with the zero arrow) such that / is a regular 
epi and fc is a kernel of /. Semi-abelian categories are known to provide an 
appropriate setting for the description of some important aspects of homological 
algebra, modelled on the category of groups [1] . 

The next property, due to Bourn, will be needed in what follows: 

Proposition 1.4. In a semi-abelian category A, let us consider the com- 

mutative diagram with exact rows 



0- 



K' >^ X' 



f 



0- 



K X 



/ 



t> Y' ■ 



->0 



(1) 



Then: 

1. u is an isomorphism if and only if the right-hand square is a pullback; 

2. w is a monomorphism if and only if the left-hand square is a pullback. 
Proof. 1. Given the commutative diagram 

fc' 




one has that (i) is a pullback by construction. But vok' — kou, so that the 
whole rectangle (i) + (ii) is a pullback whenever u is an isomorphism. From 
the fact that A is semi-abelian and /' is a regular epimorphism it follows that 
(ii) is a pullback. 

Conversely, if we assume that the square (ii) is a pullback, so is the follow- 
ing rectangle: 

fe 




Since the right-hand square is a pullback by construction, it follows that the 
left-hand square is a pullback as well, and u is an isomorphism. 

2. The non-trivial implication essentially follows from the fact that, in a 
semi-abelian category, an arrow is a monomorphism if its kernel is [6] . □ 
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The following property will be also needed: 

Proposition 1.5. In a semi-abelian category A, let us consider the commu- 
tative diagram with exact rows ([Ip. // the left-hand square is a pushout, then 
w is an isomorphism; conversely, if w is an isomorphism and u is a regular 
epimorphism, then the left-hand square is a pushout. 

Proof. If the left-hand side square is a pushout then /' and 0: K > Y' 

induce an arrow /": X > Y' satisfying /"of = /' and f'ok = 0. Then also 

vjof" = f. Moreover, like /, /" is a cokernel of k; hence the unique comparison 
map w is an isomorphism. 

Now again consider the diagram ([1]); pushing out u along fc', then taking a 
cokernel /" of fc' induces the dotted arrows in the diagram below. 



> K' X' — ^ Y' > 



V 

■■>K- 



■■l>P ■■;■> Y' 



■■>0 



Y 

-^Kt>—^X' 



->Y ■ 



-»0 



Note that fc' is a monomorphism because fc is one; being the regular image of 
the kernel fc', fc' is a kernel as well TD. The Short Five Lemma implies that w 
is an isomorphism if and only if so is v' . □ 

We conclude this section by recalling the following definition: 

Definition 1.6. [17 A finitely complete category ^ is a Mal'tsev category if 
every internal refiexive relation in A is an equivalence relation. 

Thanks to a result of Bourn, it is well-known that every protomodular cat- 
egory is a Mal'tsev category. 



2 Centrality 

In this section we explore different definitions of centrality. The first notion 
is the classical notion of centrality of congruences introduced by Smith in the 
context of Mal'tsev varieties [35] j which has later been extended to Mal'tsev 
categories [T51 137]. The second one is the notion of central arrows, first de- 
fined by Huq [5S] in a context that is essentially equivalent to the context of 
semi-abelian categories |31j . In any pointed protomodular category, there is a 
natural way to compare the two notions, because in such a category normal 
subobjects correspond to (internal) equivalence relations. The paper [T^ was 
the first in which the relationship between these two notions of centrality was 
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investigated. Here we present two new results in this direction, Proposition 
and Proposition 12. 3[ which will also be useful in the subsequent sections. 
Let us begin by recalling the following definition due to Bourn. 

Definition 2.1. [8 An arrow k: K > X in a finitely complete category A 

is normal to an equivalence relation R on X when: (1) k~^{R) is the largest 

equivalence relation Vk on K; (2) the induced map > R in the category 

Eq(^) of internal equivalence relations in ^ is a discrete fibration. 

This means that 

1. there is a map k: K x K > i? in ^ such that the diagram 



K X K > R 



Y V 

K — 



^X 



commutes; 

2. any of the commutative squares in the diagram above is a puUback. 

It can be proved that the arrow k is then necessarily a monomorphism; 
furthermore, when the category A is protomodular, a monomorphism can be 
normal to at most one equivalence relation, so that the fact of being normal 
becomes a property [5] . The notion of normal monomorphism gives an intrinsic 
way to express the fact that K is an equivalence class of R. 

In a pointed finitely complete category A there is a natural way to associate, 
with any equivalence relation 



R^ 



X, 



a normal subobject kn, called the normalization of i?, or the normal subobject 
associated with R: it is defined as the composite k^ = 7r2oKer7ri 



^X. 



r - KerTTi _ 

K[t:i] > -^R- 

In the pointed protomodular case, this construction determines a bijection be- 
tween the equivalence relations on X and the normal subobjects oi X 

Two equivalence relations R and S on an object X centralize (in the sense 
of Smith) when there exists a double equivalence relation C on i? and S such 
that any commutative square in the diagram 



c: 



pi 



P2 
P2 TTi 



R'. 



X 
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is a pullback [5S1[TH]. In this case, C is called the centralizing double relation 
on R and 5*. An equivalence relation i? on X is said to be central when R and 
Vx (the largest equivalence relation on X) centralize. 

Adopting the terminology due to Bourn (lOj . we say that two coterminal 

morphisms k : K > X and k' : K' > AT in a pointed finitely complete 

category cooperate when a morphism ipk,k' : K x K' > X exists satisfying 

fk,k'°lK = k and Lpk.k'°'i'K' = k' , where Ik = (IkjO): K > K x K' and 

rj^i = (0, lif'): K' > K x K' . (In Huq's terminology, k and k' commute 

[55] •) The arrow (pk,k' is called a cooperator of k and k'. In particular, an arrow 
k is said to be central (in the sense of Huq) when k and Ix cooperate. 

It is well-known that, in general, two equivalence relations R and S need 
not centralize when ka and ks cooperate, not even in a variety of fi-groups (see 
|12| for a counter-example) . However, we are now going to show that this is the 
case in any pointed protomodular category, whenever R (or S) is S7x- 

Proposition 2.2. Let A be a pointed protomodular category. An equivalence 
relation R in A is central if and only if its associated normal subobject kji is 
central. 

Proof. Let us first assume that the equivalence relation 



R^ 



X 



is central, and let C be the associated centralizing double relation on R and 
Vjc. We can then consider the following diagram 




X xX 



where the square (i) is obtained by taking coequalizers. Since C is centralizing, 
both left hand side squares are puUbacks, hence so is (i), and R = X x K . 
This moreover induces the commutative diagram 




where pok = Ik, and both the outer rectangle and the right hand square are 
puUbacks. It follows that K is the normal subobject associated with R. By 
considering also the second projection tt2 from Rto X one can easily check that 
R is then canonically isomorphic to the equivalence relation 



K xX<- 



X: 



(2) 
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the arrow ipkR,ix is the needed cooperator. 

Conversely, let us suppose that fc is a central monomorphism with cooperator 
<Pk,ix- Oils can then form the reflexive graph ^ — call it Rk- It is a relation, 
since the commutative square 



X 



X X 



^X y.X 



is a pullback, and in a protomodular category pullbacks reflect monomorphisms 
[B]. Since is a reflexive relation in a Mal'tsev category, it is an equivalence 
relation. Furthermore, this equivalence relation corresponds to k via the bijec- 
tion between normal subobjects and equivalence relations: to see this, it suffices 
to observe that the normalization of Rk is isomorphic to the normalization of 
the opposite relation R°j^ . 

Finally, consider the double equivalence relation determined by the kernel 
pair -R[7rif] oii:K'- K x X > K: 



R 



TTk 



] 1 X X X 



y\|/ Vk,l; 

K X X ' 



:x. 



It is clearly a centralizing double relation on Rk and Vx, as desired. □ 

Recall that an extension of an object Y (by an object K ) is a regular epi- 
morphism / : X > Y with its kernel K: 



The category of extensions of Y (considered as a full subcategory of the slice 
category {A i Y)) is denoted by Ext(F); the category of all extensions in A 
(considered as a full subcategory of the arrow category Fun(2,^): morphisms 
are commutative squares) by Ext{A). Recall that in a semi-abelian category, a 

subobject is normal if and only if it is a kernel. An extension / : X > Y is 

called central if its kernel is central in the sense of Huq, i.e. if Ker / cooperates 
with Ix- We write Centr(y) for the full subcategory of Ext(i^) determined by 
the central extensions. The following well-known property of central extensions 
of groups will now be shown to hold in any semi-abelian category: 

Proposition 2.3. Let A be a semi-abelian category and f: X > Y a central 

extension in A. Every subobject of k — Ker/: K >X is normal in X. 

Proof. Let i: M > be a monomorphism and denote m ~ koi. We are 

to show that m is a normal monomorphism. Now k is central, hence so is m. 
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This means that m cooperates with Ix', in particular, there exists an arrow 

'Pm,ix ■ M X X > X satisfying Lpm,ix°^M = rn (where Im = (1m, 0)). But 

the arrow lnj, being the kernel of 7r2, is normal; hence so is m, since it is the 
regular image of ipm,ix°hi [II]- □ 



3 Abelian objects and central extensions 

In this section, A will be a semi-abelian category. An object X in A is called 
abelian when there is a centralizing relation on Vx and Vx- The full subcat- 
egory of A determined by the abelian objects is denoted Ab(^). Since A is 
pointed, Ab{A) coincides with the category of internal abelian group objects in 
A. Ab(^) is an abelian category. It is well-known that Ab(^) is a reflective sub- 
category of A, closed in A under subobjects and quotients (i.e. it is a Birkhoff 
subcategory) [13]. 

Ab 

^^T±)Ab(^) 

For any object X , we shall denote the X-component of the unit of the adjunction 

hy T]x: X > X/[X, X] = Ah{X), and its kernel by ^ix : [X, X] > X, the 

X-component of a natural transformation fi: V > 1_4 : A > A. 

Similarly, for any object Y, the category Centr(y) is reflective and closed 
under subobjects and regular quotients in Ext(y). 



Ccntr 

Ext(r) TT±)Centr(r) 



The /-component of the unit of the adjunction is given by the horizontal arrows 
in the diagram 



X 



Y- 



Ccntr/ 

V 

= Y. 



where k: K > X denotes a kernel oi J : X > Y 4, Theorem 2.8.11]. 

Proposition 3.1. Consider the diagram of solid arrows 



>K^ >X- 

YA VA 



■■> A > > Z ■ 



^Y 



■>Y ■ 



-^0 



■■>0. 



// the above sequence is exact, m is a normal monomorphism split by s, f is 
a central extension and A is abelian, then a central extension ofY by A exists 
making the diagram commutative. 
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Proof. Let q: A > Q denote a cokernel of m, and let us consider the sequence 



0- 



A- 



->0 



in Ab(^), which is a spht exact sequence. It foUows that A is a product of 

K with Q and that, up to isomorphism, m in Ik'- K > K x Q and s is 

TTi : K X Q > K. In the diagram 



0' 



K >- 



X 
YA 



/ 



■0 



TTl (i) ij, 



K X Q t> > X X Q > Y 



kxl 



f°rri 



the upward-pointing square (i) is a puUback; it foUows that fc x 1q is a kernel 
of /oTTi, and then /otti is the cokernel of fc x Ig. From the fact that Q is abelian 
and k is central one concludes that fc x Ig is central, and this completes the 
proof. □ 

Proposition 3.2. Consider the diagram of solid arrows 



X 



f 



-^0 



0- 



■■>o. 



V V 

■■> A > > Z ■ 

If the above sequence is exact, r is a regular epimorphism, f is a central ex- 
tension and A is abelian, then a central extension ofY by A exists making the 
diagram commutative. 

Proof. We may define f as a cokernel of fcoKerr: 



K[r] = 
Y 

Ker r 



■.K[r] 
Y 

koKer r 
f 



X 



t>Y ■ 



-»0 



0- 



■■>Y ■ 



■>0. 



(i) 

Y V 
■■> A > - > Z 

k 



The morphism fcoKerr is a kernel thanks to Proposition 12.31 Taking cokernels 
induces the square (i) , which is easily seen to be a pushout. Remark also that, 
by Proposition [LJl fc is a monomorphism, hence a kernel, since it is the regular 
image of fc along r llj. Taking a cokernel of fc gives rise to the rest of the 
diagram, thanks to Proposition 11.51 The induced extension is central, because 
Centr(.A) is closed under quotients in Ext(^) — and a quotient in Ext(^) is a 
pushout in ^ of a regular epimorphism along a regular epimorphism. □ 
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Corollary 3.3. Consider the diagram of solid arrows 

> K X ^-^Y >0 











Y 


V ii 



> A >■-■■■> Za ■■■■■-■> Y > 0. 

If the above sequence is exact, f is a central extension and A is abelian, then a 
central extension ofY by A exists making the diagram commutative. 

Proof. Since K and A are abelian, the arrow a : K > A lives in the abelian 

category Ab(.A), and thus may be factored as the composite 

K^K®A^^^A. 
The result now follows from the previous propositions. □ 
Alternatively, this result may be obtained by using torsor theory [16) . 

4 The perfect case: universal central extensions 

Suppose that A \s a. semi-abelian category with enough (regular) projectives 
and Y an object of A. Then the category Centr(y) always has a weakly initial 

object: for \i f : X > y is a (projective) presentation of y, i.e. a regular 

epimorphism with X projective, then the reflection Centr/: X/[K,X] > Y 

of / into Centr(F) is a central extension of Y . It is weakly initial, as any other 

central extension g: Z > Y induces a morphism Centr/ > g in Centr(y), 

the object X being projective. 

An initial object in Centr(F) is called a universal central extension of Y . 
In contrast with the existence of weakly initial objects, for a universal central 
extension of Y to exist, the object Y must be perfect: such is an object y of ^ 
with the property that its reflection Ab(y) into Ab(^) is 0, i.e. \Y,Y] = Y. 

To see this, let us first recall the Fundamental Theorem of Categorical Ga- 
lois Theory in a form which is suitable for our context (see [29:). Consider a 

projective presentation /; X >Y. Its Galois groupoid Gal(/) is the image, 

under the functor Ab: A >l\h{A), of the equivalence relation 

> > 

R[f] XX R[f] R[f] X 

> > 

that is the kernel relation of /. Remark that, in our situation, the diagram 
Gal(/) is indeed an internal groupoid in Ab(^): as explained in [5S], this is 
a consequence of the fact that the reflector of a semi-abelian category to a 
Birkhoff subcategory preserves any puUback of a split epimorphism along a 
split epimorphism. 
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By taking into account the main result of [T3], the Fundamental Theorem 
of Galois Theory may be written as a category equivalence 



Centr(r) - {Gal(/), Ab(^)} 

between the category Centr(y) of central extension of Y and the category 
{Gal(/), Ab(^)} of discrete fibrations in Ab(^) on the Galois groupoid Gal(/), 
whose objects can be represented by diagrams of the form 



G2 



92 



Ab(7ri) 



Ab(i?[/] X;, R[f]) 



Ab(m) 



Go 



91 



Ab(pi) 



Ab(7r2) 



->Ab(i?[/])« 



Ab(A) 



90 



(3) 



Ab(p2 



Ah{X) 



with the property that the arrow go : Go - 
We are now ready to prove the following 



Ah{X) is a regular epimorphism. 



Proposition 4.1. Let A be a semi-abelian category with enough projectives. An 
object Y of A is perfect if and only if Y admits a universal central extension. 

Proof. First suppose that Centr(y) has an initial object u: U > Y. Because 

TTi : F X Ab(F) > Y is central, a unique morphism (u, y) : U > Y x Ab(F) 

exists. But then 0: U > Ab(y) is equal to rjY°u: U > Ah{Y), and 

Ab(r) = 0. 

Conversely, consider a presentation /: X > y of a perfect object Y. 

Its Galois groupoid Gal(/) is connected, since the functor Ab: A > Ab(^) 

preserves coequalizers, as a left adjoint. 

Now, in the abelian category Ab(^), the normalization functor recalled in 
Section [2] determines a category equivalence between the internal groupoids in 
A and the arrows of A, which restricts to a category equivalence between the in- 
ternal connected groupoids in A and the epimorphisms. Let (p: Kf > Ah{X) 

be the "normalization" of Gal(/): by applying Proposition ll.41 1. to diagram ^ 
one can check that the category {Gal(/), Ab(^)} is equivalent to the category of 

triples {Z, k, tt), where k : Kf > Z is a monomorphism and tt : Z > Ah{X) 

is an epimorphism. It follows that, when Gal(/) is connected, so that its nor- 
malization (j): Kf > Ah{X) is an epimorphism, this category has an initial 

object, namely (if/, lif J, , 0). □ 



5 Cohomology 

From now on, A will be a semi-abelian category, monadic over the category 
Set of sets. Such categories were characterized by Gran and Rosicky in [26] 
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by extending a previous result due to Bourn and Janelidze [TS]. We recall 
some concepts, results and notation from the paper [22], adapted to our present 
situation. 
Let 

G = {G:A >A, e:G^^lA, d:G^^G^) 

denote the comonad on A, induced by the monadicity requirement. Recall that 
the axioms of comonad state that, for every object X of A, eGX°5x — Gex°5x = 
\gx and 5gx°5x — GSx°5x- Putting 

a, = G'eG'^-^x ■■ G"+'^X > G"X 

and 

a, = G'Sg'^-^x ■■ G^+^X > G"+2X, 

for < i < n, makes the sequence (G"''"^X)„gN a simplicial object GX of A. 
This induces a functor from A to the category 5.4 of simplicial objects in A: 
this functor will also be denoted G. 

Remark 5.1. A consequence of the monadicity of A is the existence of suf- 
ficiently many regular projective objects in A. Indeed, any value G{X) of G 

is projective, and the morphism ex ■ G{X) > X is a regular epimorphism. 

By calling (projective) presentation of Y an extension /: X > Y with X 

projective, it follows that, for every object Y, such a projective presentation 
exists. 

Recall that a chain complex in a semi-abelian category is called proper when 
its differentials have normal images. As in the abelian case, the n-th homology 
object HnC of a proper chain complex G with differentials d„ is the cokernel 

of G„+i > K[dn]. The normalization functor N : SA > PCUA turns a 

simplicial object A into the Moore complex N{A) of A, the chain complex with 
= Ao, 

n-l 

N^A = fl K[d^ : A„ > A„_i] 

i=Q 

and differentials dn = f]^ Ker di : NnA > Nn-iA, for n > 1, and An = 0, 

for n < 0. Since N{A) is a proper chain complex in a semi-abelian category, 
one can define its homology objects in the usual way. 

Definition 5.2. [22, Section 6, case B = Ab(.4)] For n e No, the object 

HnX = Hn-lNAh{GX) 

is the n-th homology object of X (with coefficients in Ah) relative to the cotriple 
G. This defines a functor 7J„ : A > Ab{A), for any n E Nq. 

Proposition 5.3. Let 

>Kt> >X^->Y >0 
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be a short exact sequence in A. Then the induced sequence in Ab(5,4) 

> K [ AbG/] ^^f:^^ AhGX AhGY >0 (4) 

is degreewise split exact and is such that 



K,X] 



Proof. Since G turns regular epimorphisms into split epimorphisnis, the simpli- 
cial morphism AbG/ is degreewise split epimorphic in Ab(iS,4). 
For any n > 1, the short exact sequence 

> KlC'f] [> '^"^^"■^^ G»x G"y > 0, 

through [21', Theorem 5.9], induces the exact sequence 

^Ke^AbG^V^ ^^^„^ _^ ^ 

As a consequence, 

K[AhGf] ^ [K^f]'^GX] ■ 
It is now possible to prove HoK[AhGf] = K/[K, X] by showing that the fork 

K[G^f] > K[Gf] ^ K 

[K[G^f],G-^X] > [K[Gf],GX] ^ [K,Xl 

is a coequalizer diagram [39j . □ 
Theorem 5.4 (Stallings-Stammbach sequence and Hopf formula). \2S^ If 

>Kt> >X ^->Y >0 

is a short exact sequence in A, then there exists an exact sequence 

H2X^^H2Y >[iar] >HiX^^HiY >0 (5) 

in Ab(^) that depends naturally on the given short exact sequence. Moreover 
HiY ^ Ah{Y) and, when X is projective, H2Y = [K n [X, X])/[K, X] . □ 



Remark 5.5. Using Proposition l4.1l one sees that, for a perfect object Y , H2Y 
may be equivalently defined as the kernel of the universal central extension of Y . 

Let A be an abelian group object in A. Recall that the sum a + 6 of two ele- 
ments a,b: X > A of a group Hom(X, A) is the composite mo(a, h) : X > A 

of (a, 6) : X > Ax A with the multiplication m:AxA > A of A. Homming 

into A defines a functor Hom(-, A) : A°^ > Ab. Given a simplicial object S 

in A, its image Hom(5', A) is a cosimplicial object of abelian groups; as such, it 
has cohomology groups iJ"Hom(S', A). 
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Definition 5.6. Let ^ be a semi-abelian category, monadic over Set, and let 
G be the induced comonad. Let X be an object of A and A an abelian object. 
Consider n G Nq. We say ttiat 

A) = i7"-iHom(Ab(GX), A) 

is tlie n-th cohomology group of X with coefficients in A (relative to the cotriple 

G). This defines a functor W\-,A): A > Ab, for any n e Nq. When it is 

clear which abelian group object A is meant, we shall denote it just 

Remark 5.7. This is an instance of Barr and Beck's general definition of 
cotriple cohomology [3] : iJ" {X, A) is nothing but the n-th cohomology group 

of X, with coefficients in the functor Hom(Ab(-), A) : > Ab, relative to 

the cotriple G. 

Proposition 5.8. For any object X of A, 

H^iX,A) = llom{HiX,A) = Hom(Ab(X), A) = llom{X,A). 
If X is projective then W^X = 0, for any n>2. 

Proof. The first isomorphism is a consequence of the fact that Hom(-, A) turns 
coequalizers in Ab(^) into equalizers in Ab. The second isomorphism follows 
from Theorem 15.41 and the third one by adjointness of the functor Ab. 

The second statement follows because if X is projective then GX is con- 
tractible (see [3\). □ 

The following result extends Theorem 12 in [19^ and Theorem 1 in [T]: 

Theorem 5.9 (Hochschild-Serre Sequence). Let 

> K X ^->Y >0 

be a short exact sequence in A. There exists an exact sequence of abelian groups 

> H^Y >— ^ H^X > Hom(p^, A) > H^Y — ^ H^X 

that depends naturally on the given short exact sequence. 

Proof. The sequence (|H) is degreewise split exact; hence homming into A yields 
an exact sequence of abelian cosimplicial groups 

> Hom(AbGy, A) Hom(AbGA, A) > Hom(X[AbG/], A) > 0. 

This gives rise to an exact cohomology sequence 

> H^Y >— ^ H^X > i?°Hom(X[AbG/], A) > H^Y " ^ > H^X. 

By Proposition 15.31 

iJ*'Hom(A'[AbG/],v4) ^ Hom(iJoA:[AbG/], A) ^ Hom(j^, A), 
and the result follows. □ 
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As a special case we get the following cohomological version of Hopf 's for- 
mula. 

Corollary 5.10. Let 

> K X ^->Y >0 

be a short exact sequence in A, with X a projective object. Then the sequence 
Hom(X,A) >Hom(p^,yl) >H^{Y,A) >0 

is exact. 

Proof. This follows immediately from the sequence in Theorem 15. 9[ if we use 
Proposition 15.81 which asserts that H^X — when X is projective. □ 

This means that an element of {Y, A) may be considered as an equivalence 

class [a] of morphisms a: K/[K,X] > A, where [a] = [0] if and only if a 

extends to X. 



6 The second cohomology group 

In this section we characterize the second cohomology group (Y, A) of a 
group Y with coefficients in an abelian object A as the group Centr(y, A) of 
isomorphism classes of central extensions of Y by A. 

Proposition 6.1. Let A be a semi-abelian category and Y an object of A. 
Mapping an abelian object A in A to the set Centr(y, A) of isomorphism classes 
of central extensions ofY by A gives a finite product-preserving functor 

Centr(y, ■) : Ab(^) > Set. 

Proof. The functoriality of Centr(y, ■) follows from Corollarv l3.3l and the Short 
Five Lemma: Centr(F, 1^) = lcentr(F,A) is obvious, and Centr(y, boa) is equal to 
Centr(F, 6)oCentr(F, a) because the diagram with exact rows 



0- 



fex Is 

-^K®B\> >X X B- 



aeiB 

-^A 



B — > ZaX B 



B>- 



kkh 



->Y 



->Y 



-^0 



-»0 



->Y 



-^0 



commutes, which yields a map from the induced pushout Zboa to ZZh. This 
map is the needed isomorphism of central extensions. 
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It is clear that Centr(F, •) preserves the terminal object. It also preserves 
binary products: the inverse of the map 

(Centr(y, tta), Centr(r, ttb)) : Centr(r, A x B) > Centr(y, A) x Centr(r, B) 

is defined as follows. Given two central extensions 



-^Ai 



■X 



Y >0 



and 



0- 



^B\ 



Y 



-»0, 



pulling back f x g along the diagonal Ay = (ly, ly) : Y ■ 
diagram with exact rows 



Y xY yields the 



kxl 



> Ax B > > X X Y Zj- 

T 

>A X B>—>X X Z- 



-t>r ■ 



kxl 



fx-a 



Ay 



-^0 



■0. 



Let us denote the isomorphism class of a central extension e as {e}. Then the 
couple ({/}, {.g}) is mapped to the isomorphism class {K\ of the map h, which 
is central as a puUback of the central extension f x g. □ 

The old definition of "Baer sum" fS' now becomes a simple instance of a 
general categorical fact: a finite product-preserving functor from an additive 
category to the category of sets factors uniquely over the category of abelian 
groups. This gives 

Proposition 6.2. The functor Centr(Y, •) factors uniquely over the forgetful 
functor Ah > Set to a functor Ab(^) > Ah, also denoted Centr(F, •). □ 

Let us now explicitly describe the group structure on Centr(y, K). Here K is 

an abelian object; as such, it carries a multiplication m: K x K > K, which 

induces the map 

Centr(y, m)o(Centr(y, tti), Centr(y, tt2))~^ 

as the multiplication (or rather, "addition") on Centr{Y, K). Let / and g be 
two central extensions as in the proof above, where now A = B = K, so that 
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we may form the following diagram: 



K 



Y 

m] 
V 



i—Ker m 



■ K 



"m] > 



(kxl)oi 



>K X Kt> >X Xy Z —^Y >0 



..c 



>K> :::::::■■■■'■■> W ■■ >Y > 0. 

kxl ■■ f+g 



V 





Y 




The arrow (fc x l)oi is a kernel, thanks to Proposition 12.31 and the fact that h 
is central. The argument given in the proof of Proposition 13.21 shows that the 
bottom sequence is a central extension; its isomorphism class, denoted {f} + {g}^ 
clearly is the sum of the equivalence classes {/} and {g}. As an immediate 
generalization of the case of groups, {/} + {ff} could be called the Baer sum of 
{/} and {g}. (See Gerstenhaber [24] and, in a more general context, [7].) 

In summary: the sum of two classes {/} and {g} is the isomorphism class of 
the cokernel f+goi the pushout k x I of the arrow k x I along the multiplication 
m of K. 



Theorem 6.3. Let A be a semi-abelian category, monadic 
functor H^{Y, ■) is isomorphic to Centr(y, •). 



Set. Then the 



Proof. We only have to prove that they are isomorphic as Set- valued functors. 

To do so, let A be an abelian object in A, and / : X > Y a presentation of 

Y with kernel K. Consider the reflection 



0- 



K 



Ccntr/ 



\K.X] 



IK,X] 



oY- 



-^0 



of / into Centr(y). In view of CoroUarv lS.lOl we must show that there is a bijec- 

tion F from the set of equivalence classes [a] of morphisms a : K/[K, X] > A, 

where [a] = [0] if and only if a extends to X, to the set of isomorphism classes 
of central extensions of Y by A. 



The function F is defined using Corollarv l3.3l as Centr/ is a central exten- 
sion, a morphism a : K/ [K, X] > A gives rise to a central extension of Y by 

A — of which the isomorphism class i^([a]) is the image of [a] through F. 

F is well-defined: if [a] = [0] then F([a]) = i^([0]). Indeed, it is easily seen 

that -F([0]) is the isomorphism class of the central extension Try : Y x A > Y. 

If a: K/[K,X] > A factors over X then it factors over X/[K,X], and as a 

consequence the extension associated with a has a split monic kernel. It follows 
that this extension is isomorphic to tty ■ Y x A > Y. 
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Finally, F is a surjection because X is projective and Centr/ is the reflection 

of / into Centr(y), and F is injective because -F([a]) = {iry'- Y x A > Y} 

entails that a factors over X. □ 



7 A universal coefficient theorem for cohomol- 
ogy in semi-abelian categories 

This section treats the relationship between homology and cohomology. 

Given two abelian objects A and C in A, let Ext(C, A) be the subgroup 
of Centr(C, ^) H'^{C,A)) determined by the (isomorphism classes of) the 
extensions 

>At>^B >C >Q 

of C by ^ lying in Ab(^) (i.e. having the property that also B belongs to Ab(^)). 

Since the regular epimorphisms in Ab(^) are just the regular epimorphisms 
of A that happen to lie in Ab(^), the reflection Ah{X) of a projective object X 
of A is projective in Ab(^). It follows that Ab(^) has enough projectives if A 
has, and one may then choose a presentation 

> R F C > (6) 

of an abelian object C in l\b{A) instead of in A. 

Proposition 7.1. If A is an abelian object and (0j is a presentation in Ab(^) 
of an abelian object C , then the sequence 

Hom(F, A) > Hom(i?, A) > Ext(C, A) > 

is exact. 

Proof. This is an application of Corollarv l3.3l It suffices to note that the arrow 
p is central, and that in a square 

i?l> >F 

a 

A > > Za 

induced by CoroUarv 13.31 all objects are abelian. Indeed, Za being an abelian 
object follows from the fact that Ab(^) is closed under products and regular 
quotients in A, and that a can be decomposed as [a, \a\°Ir- O 

Theorem 7.2. IfY is an object of A and A is abelian then the sequence 
> Ext(i/iy, A) H^iY, A) > llom{H2Y, A) 

is exact. 
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Proof. One diagram says it all: 



: Hom(X, A) 



Roni{HiX,A) 



> Hom( ^^^^j , A) > > Hom(p^, yl) > Ilom{H2Y, A) 



V V 
> Ext(i7iF, A) t> > ^) ^ Hom(iJ2>', A). 











Here / : X > F is a presentation with kernel K, and the vertical sequences 

are exact by Proposition 17. II — the sequence 



0- 



K 



Kn[x,x\ 



HiX 



HiY > 



being a presentation of HiY — and Corollary 15.101 respectively. The middle 
horizontal sequence is exact by the Hopf formula (Theorem 15.41) and the fact 
that, by the First Noether Isomorphism Theorem Theorem 4.3.10], 



Kn[x,x] 

\K.X] 



is an exact sequence in Ab(^). 



K 
[K,X] 



K 

Knlx,x] 



->0 



(7) 
□ 



Recalling that an object Y is perfect if and only if HiY = 0, Theorem 17.21 
yields the following classical result. 

Corollary 7.3. If Y is a perfect object and A is abelian then H'^{Y,A) = 
ilom{H2Y,A). 

Proof. Comparing the Stallings-Stammbach sequence ^ with Sequence ([7]) and 
using that Y is perfect we see that K/ {KCi [X, X]) is isomorphic to Ah{X). The 
latter object being projective in Ab(^), the sequence Q is split exact in the 
abelian category Ab(^). It follows that 



0- 



Ext(i?iy, A) [>-^ H^{Y, A) > Iloin{H2Y, A) > 



is a split exact sequence; but because Y is perfect, Fixt{HiY, A) is zero. 



□ 



Remark 7.4. In Section [6] we showed that Centr{Y, A) = H^{Y,A). Combining 
this with Corollary [73] one deduces that the category Centr(y) of central exten- 
sions of a perfect object Y is equivalent to the comma category {H2Y | Ab(^)). 
This equivalence essentially follows from the universal property of the universal 
central extension of Y. As explained in Section [4l for any object Y, the cate- 
gory Centr(F) can be described as a category of discrete fibrations on the Galois 
groupoid of any presentation of Y, see [29l Section 6]. 
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Given any object Y and a presentation F > HiY with kernel R in Ab(^), 

Proposition 17.11 entails the exactness of the sequence 

Hom(i^, A) > Hom(i?, A) > Ext{HiY, A) > 0. 

If now, for every abelian object A of A, Ext(iJiF, A) is zero, then all functions 

Hom(F, A) > Hom(i?, A) are surjections, which means that R > F is a 

split monomorphism. In this case it follows that F = R(B HiY and HiY is 
projective in Ab(^). As a consequence, we get the following partial converse to 
Corollary 17.31 

Corollary 7.5. //, for every abelian object A of A, H^{Y,A) = llom{H2Y,A), 
then HiY is projective in Ab(^). □ 

References 

[1] D. Arias and M. Ladra, Central extensions of precrossed modules, Appl. Categ. 
Struct. 12 (2004), no. 4, 339-354. 

[2] M. Barr, Exact categories, Exact categories and categories of sheaves, Lecture 
notes in mathematics, vol. 236, Springer, 1971, pp. 1-120. 

[3] M. Barr and J. Beck, Homology and standard constructions. Seminar on triples 
and categorical homology theory. Lecture notes in mathematics, vol. 80, Springer, 
1969, pp. 245-335. 

[4] F. Borceux and D. Bourn, Mal'cev, protomodular, homological and semi-abelian 
categories, Mathematics and its Applications, vol. 566, Kluwer Academic Pub- 
lishers, 2004. 

[5] F. Borceux and M. M. Clementino, Topological semi-abelian algebras. Adv. Math. 
130 (2005), 425-453. 

[6] D. Bourn, Normalization equivalence, kernel equivalence and ajfine categories. 
Category Theory, Proceedings Como 1990 (A. Carboni, M. C. Pedicchio, and 
G. Rosolini, eds.). Lecture notes in mathematics, vol. 1488, Springer, 1991, pp. 43- 
62. 

[7] D. Bourn, Baer sums and fibered aspects of Mal'cev operations, Cah. Top. Geom. 
Diff. Categ. XL (1999), 297-316. 

[8] D. Bourn, Normal subobjects and abelian objects in protomodular categories, J. Al- 
gebra 228 (2000), 143-164. 

[9] D. Bourn, 3x3 lemma and protomodularity, J. Algebra 236 (2001), 778-795. 

[10] D. Bourn, Intrinsic centrality and related classifying properties, J. Algebra 256 
(2002), 126-145. 

[11] D. Bourn, The denormalized 3x3 lemma, J. Pure Appl. Algebra 177 (2003), 
113-129. 

[12] D. Bourn, Commutator theory in strongly protomodular categories. Theory Appl. 
Categ. 13 (2004), no. 2, 27-40. 

[13] D. Bourn and M. Gran, Central extensions in semi-abelian categories, J. Pure 
Appl. Algebra 175 (2002), 31-44. 



21 



[14] D. Bourn and M. Gran, Centrality and normality in protomodular categories, 
Theory Appl. Categ. 9 (2002), no. 8, 151-165. 

[15] D. Bourn and G. Janelidze, Characterization of protomodular varieties of univer- 
sal algebras, Theory Appl. Categ. 11 (2003), no. 6, 143-147. 

[16] D. Bourn and G. Janelidze, Extensions with abelian kernels in protomodular cat- 
egories, Georgian Math. J. 11 (2004), no. 4, 645-654. 

[17] A. Carboni, J. Lambek, and M. C. Pedicchio, Diagram chasing in Mal'cev cate- 
gories, J. Pure Appl. Algebra 69 (1991), 271-284. 

[18] A. Carboni, M. C. Pedicchio, and N. Pirovano, Internal graphs and internal 
groupoids in Mal'cev categories. Proceedings of Conf. Category Theory 1991, Mon- 
treal, Am. Math. Soc. for the Canad. Math. Soc, Providence, 1992, pp. 97-109. 

[19] P. Carrasco, A. M. Cegarra, and A. R. Grandjean, (Co)Homology of crossed 
modules, J. Pure Appl. Algebra 168 (2002), no. 2-3, 147-176. 

[20] T. Everaert and M. Gran, Precrossed modules and Galois theory, J. Algebra 297 
(2006), 292-309. 

[21] T. Everaert and T. Van der Linden, Baer invariants in semi-abelian categories I: 
General theory. Theory Appl. Categ. 12 (2004), no. 1, 1-33. 

[22] T. Everaert and T. Van der Linden, Baer invariants in semi-abelian categories II: 
Homology, Theory Appl. Categ. 12 (2004), no. 4, 195-224. 

[23] A. Frohlich, Baer-invariants of algebras. Trans. Amer. Math. Soc. 109 (1963), 
221-244. 

[24] M. Gerstenhaber, A categorical setting for the Baer extension theory. Applications 
of Categorical Algebra, New York 1968, Proc. Sympos. Pure Math., vol. XVII, 
Amer. Math. Soc, Providence, R.I., 1970, pp. 50-64. 

[25] M. Gran, Applications of categorical Galois theory in universal algebra, in 
Janelidze et al. [32], pp. 243-280. 

[26] M. Gran and J. Rosicky, Semi-abelian monadic categories. Theory Appl. Categ. 
13 (2004), no. 6, 106-113. 

[27] G. Hochschild and J. -P. Serre, Cohomology of group extensions. Trans. Amer. 
Math. Soc. 74 (1953), 110-134. 

[28] S. A. Huq, Commutator, nilpotency and solvability in categories, Quart. J. Math. 
Oxford 19 (1968), no. 2, 363-389. 

[29] G. Janelidze and G. M. Kelly, Galois theory and a general notion of central ex- 
tension, J. Pure Appl. Algebra 97 (1994), 135-161. 

[30] G. Janelidze and G. M. Kelly, Central extensions in Mal'tsev varieties. Theory 
Appl. Categ. 7 (2000), no. 10, 219-226. 

[31] G. Janelidze, L. Marki, and W. Tholen, Semi-abelian categories, J. Pure Appl. 
Algebra 168 (2002), 367-386. 

[32] G. Janelidze, B. Pareigis, and W. Tholen (eds.), Galois theory, Hopf algebras, and 
semiabelian categories. Fields Institute Communications Series, vol. 43, American 
Mathematical Society, 2004. 

[33] G. Janelidze and M. C. Pedicchio, Pseudogroupoids and commutators. Theory 
Appl. Categ. 8 (2001), no. 15, 408-456. 



22 



[34] P. T. Johnstone, A note on the semiabelian variety of Heyting semilattices, in 
Janelidze et al. [32], pp. 317-318. 

[35] A. S.-T. Lue, Baer-invariants and extensions relative to a variety, Proc. Camb. 
Phil. See. 63 (1967), 569-578. 

[36] S. Mac Lane, Duality for groups, BuU. Amer. Math. See. 56 (1950), 485-516. 

[37] M. C. Pedicchio, A categorical approach to commutator theory, J. Algebra 177 
(1995), 647-657. 

[38] J. D. H. Smith, Mal'cev varieties. Lecture notes in mathematics, vol. 554, 
Springer, 1976. 

[39] T. Van der Linden, Homology and homotopy in semi-abelian categories, Ph.D. 
thesis, Vrije Universiteit Brussel, 2006. 



23 



